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ABSTRACT
In this paper, we consider a spherically curved symmetric spacetime to exact solving the orbit equation
of a massive particle by using Jacobi’s elliptic functions. The solutions of the orbit equation provides
the relativistic effects on the massive particle and light rays that are absent in Newtonian gravity.
Besides, we investigate the additional physical information introduced by the exact solution to the
orbit equation that is not visible in the approximate solutions traditionally presented in literature.
Here, we solve exactly the problem by the use an analytical methodology step by step in order to
provide detailed solutions as well as demonstrate with mathematical rigour the geodesic solution
in terms of Jacobi’s elliptic functions. We find oscillatory movements of the orbit of the massive
particle at the expected regimes without to consider any heuristic argument. A non-physical region to
the solution of motion equation is presented, finding the aspect of the trajectory when the massive
particle escape the gravitational field of the source.
Keywords Field theories in dimensions other than four · Relativity and gravitation · Self-gravitating systems;
continuous media and classical fields in curved spacetime · Special functions.
1 Introduction
Since the seminal work of Einstein in 1915 on general relativity [1], we have know this theory is the basis to
appropriately describe many problems considering a real fact of nature, i. e., the gravity is nothing but the curvature of
spacetime. The great success of the theory is related to the several experiments through history that clearly proven the
ideas introduced by Einstein in his theory. As examples of those experiments, we have the deviation of light rays due to
the curvature of the spacetime, the perihelion precession of Mercury, the recent experimental verification of the event
horizon of a black hole, etc [2, 3, 4, 5].
All above experiments can be theoretically explained through of Schwarzschild’s metric in which a spherically symmetric
spacetime is introduced. It was Karl Schwarzschild who first exactly solved Einstein’s equation [6]. Several researches
on general relativity takes Schwarzschild’s spacetime in order to explain important aspects in the universe, as the
∗I am corresponding author.
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possibility of the presence of negative mass matter in the world considering the mentioned metric as well as to better
understand the dynamics of black holes [2, 3, 4, 7].
There are many important works aimed to investigate the solar system, in particular, related to the orbit of planets around
the sun as well as the study of orbit corrections using general relativity instead of Newtonian mechanics [8, 9, 10].
Generally, the orbital characteristics of a particle moving around a source can be better investigated by the use of the
geodesic equation in Schwarzschild’s metric. The geodesic equation, commonly known as motion equation, can be
considered one of the useful tools to understanding the dynamics of the system, and is one of the theoretical approaches
capable of identifying the new effects introduced by the general relativity. In addition, perturbative methods are used
to approximately solving the motion equations, as in case of the orbit of Mercury, etc. Exact solutions of the orbit
equations are mathematically complicated, and cannot be analytically solved in many situations.
There are some relevant exact solutions to the eq. 10 in literature, taking distinct backgrouds [17, 18, 19, 20, 21]. A
discussion on analytical methodologies to geodesic equations can be found in Ref. [22]. The exact geodesics are also
investigated in Ref. [23] using Weierstrassian elliptic functions. A general treatment on elliptic integrals of geodesic
equations in Schwarzschild’s metric can be found in Ref. [24]. Commonly are still presented approximative solutions
in literature (see Ref. [11]).
In this paper, we provide an exact solution to geodesic equation in Schwarzschild backgroud without consider any
approximation or heuristic argument. These are important aspects addressed in this work. Here we explore exact
geodesics in Schwarzschild’s metric with a most transparent and simple form in terms of Jacobi’s functions. It is
considered Schwarzschild’s spacetime to exact solving the orbit equation of a massive particle by using of Jacobi’s
elliptic functions. The obtained solution provides the relativistic effects on the massive particle that are absent in
Newtonian gravity. What is more, we investigate the additional physical information introduced by the exact solution
that is not visible in the approximate solutions traditionally presented in literature. We exactly solve the problem by the
use an analytical methodology step by step in order to provide detailed solutions, presenting the particle trajectories in
terms of Jacobis’s elliptic functions with mathematical rigour.
This work is organized as follows: In section 1, we present a review on spherically symmetric spacetime. In section 2, as
a complement of the previous section, we provide relevant aspects on the orbit equation in Schwarzschild’s background
as well as to prepare the orbit equation to be analytically solved in terms of Jacobi’s elliptic functions. In section 3,
we introduce an exact solution to the orbit equation. As it turns, we summarize our main findings and draw some
perspectives. Throughout this work, we use units of ~ = c = 1.
2 A review on spherically symmetric spacetime
We know that Schwarzschild’s metric is appropriate in physical problems that involves spherical symmetries, as in
the study of the motion of planets around the sun, because it modifies the spacetime curvature. In particular, that metric
can be useful to explain the perihelion of planets, the bending of light around the sun, etc. This approach describes the
outside field of a spherically symmetric source, and the inside field in empty space [11, 12, 13, 14].
In order to derive an expression from Schwarzschild’s metric is relevant emphasize some features of a spherically
symmetric spacetime: the isotropy of spacetime with angular coordinates; there is non-rotation of the source; and the
spacetime is static, i. e., there is non-variation of the gravity with the time.
The metric can be written as follows
ds2 = −A (r) dt2 + 1
A (r)
dr2 +
+ r2dθ2 + r2 sin2 θdφ2 (r > R), (1)
where r is the distance from the source to an arbitrary position, θ is the inclination from the axis, and φ the azimuthal
angle around the axis. In Eq. 1, R is known as Schwarzschild radii (R = 2GM ), and the term A(r) is given by
A (r) =
(
1− 2GM
r
)
. (2)
In next section, the above metric is used to determine the dynamics of the massive particle to obtain the orbit equation.
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3 Orbit equation in Schwarzschild’s backgroud
The Hamilton-Jacobi (H-J) relativistic equation (see Eq. 3) describes more easily the motion of a particle of m
mass in Schwarzschild spacetime instead of Einstein’s equation. Remembering that Einstein’s equation is a second-order
differential equation in spacetime coordinates and also a non-linear equation while the Eq. 3 is a first-order differential
equation [15, 16] the H-J equation can be solved with less mathematical efforts.
From the variational principle, we know that given the action S (xµ) the energy and momentum of a particle of a
massive are obtained in terms its derivatives pµ = ∂S/∂xµ and pµpµ = −m2, and thus the H-J relativistic equation is
given by
gµν
∂S
∂xµ
∂S
∂xν
= −m2. (3)
The motion of the particle occurs only in the plane, i. e., θ = pi/2 and this emerges as consequence of the spherical
symmetry. In Schwarzschild’s metric the H-J equation becomes
1
A (r)
(
∂S
∂t
)2
−A (r)
(
∂S
∂r
)2
− 1
r2
(
∂S
∂φ
)2
= −m2, (4)
where E = (∂S/∂t) and L = (∂S/∂φ) are constants of motion, namely, energy and angular momentum. Besides, by
substituting the Eq. 2 in Eq. 4 it is possible to obtain
E2
(1− 2u) +
u4 (1− 2u)
G2M2
(
dS
du
)2
− u
2L2
G2M2
= −m2. (5)
Making the variable change u = GM/r in Eq. 5 and after applying the variable separation method, we have(
dS
du
)2
= − G
2M2m2
u4 (1− 2u) +
G2M2E2
u4 (1− 2u) −
L2
u2 (1− 2u) . (6)
Solving the Eq. 6 it is possible to find
S = −Et+ Lφ+ f (u) , (7)
where
f (u) =
∫ [
− G
2M2m2
u4 (1− 2u) +
G2M2E2
u4 (1− 2u)
− L
2
u2 (1− 2u)
]1/2
du. (8)
The orbit of the particle is determined by using ∂S/∂L = 0, leading to the integral equation below
φ =∫
Ldu√− (1− 2u)G2M2m2 − L2u2 (1− 2u) +G2M2E2 . (9)
Rewritting the above equation in its differential form
du
dφ
=
1
L
√
− (1− 2u)G2M2m2 − L2u2 (1− 2u) +G2M2E2. (10)
It is important to emphasize as above metioned that there are some exact solutions in distinct backgrouds. We introduce
in this paper relevant results to the solution of the orbit equation, with an analytical methodology to exactly solve the
problem, that is, in terms of Jacobi’s elliptic functions. The step by step development is by itself extremely useful to
understanding mathematical important aspects associated to the solutions of geodesic equations. An exact solution in
terms of those functions is presented in the next section, the core of this work.
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4 An exact solution in terms of Jacobi’s elliptic functions
After some simple algebraic manipulations in Eq. 10 and considering the following change of variables, E = m
and κ = GMm/L, we have
f (u) = 2u3 − u2 + 2κ2u. (11)
A polynomial form of the Eq. 11 in terms its roots and conveniently written to be analytically solved is given by(
du
dφ
)2
= f (u) = 2 (u− u1) (u− u2) (u− u3) , (12)
where u1, u2 and u3 are obtained solving the equation 2u3 − u2 + 2κ2u = 0, in which the roots are written below
u1 =
1
4
− 1
4
√
1− 16κ2,
u2 = 0,
u3 =
1
4
+
1
4
√
1− 16κ2. (13)
The equation given by expression 12 governing the orbit of a massive particle in Schwarzschild’s metric and can be
solved using Jacobi’s elliptic functions, as follows described.
Let us start with a brief review on Jacobi elliptic functions in Legendre’s form that are useful to exactly solve the Eq. 12
[25]. The elliptic integral that leads to Jacobi functions in Legendre’s form is shown below
x =
∫ θ
0
dψ√
1− β sin2(ψ)
. (14)
In the expression given by Eq. 14, β ∈ (−1, 1), and is known as of modulus. Besides this, the square root is positive.
Defining the following coordinate transformations
y = sin(α) ≡ sn[x|β], (15)
the notation sn[x|β] is commonly used to denote the known Jacobi’s elliptic functions.
See that the integral form of the Eq. 12 written as (see more details in Ref. [25])
φ(u) =
∫
du√
2 (u− u1) (u− u2) (u− u3)
, (16)
can be compared with the Eq. 14 by the appropriate coordinate transformations. Another way of comparing the orbit
equation obtained here (see Eq. 12) with the expression of the elliptic integral given by the Eq. 14, is rewriting the latter
in a differential form, as presented nex. It is interesting to stress that, any integrated expression containing a third or
fourth degree polynomial in the denominator of a fraction can be reduced to an elliptic integral [25].
Resuming the previous discussion and deriving the Eq. 14
dx
dθ
=
1√
1− β sin2(α)
, (17)
it is possible to obtain (
dθ
dx
)2
= 1− β sin2(α). (18)
Combining the Eqs. 18 and 15, we obtain (
dθ
dx
)2
= 1− βy2. (19)
By the chain rule, we have
dy
dx
=
dy
dθ
dθ
dx
= cos(θ)
dθ
dx
(20)
that provides (
dy
dx
)2
=
(
1− y2) (1− βy2) . (21)
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We need to write the above expression the same way as the orbit equation of a massive particle given by Eq. 12. To do
that, we take the coordinate transformation and by substituting the Eq. 22 in Eq. 21
y2 = az + b (22)
in which provides after some simple algebraic procedures the Eq. 23(
dy
dx
)2
=
a2
4y2
(
dz
dx
)2
, (23)
where dz/dx in Eq. 23 is given by(
dz
dx
)2
=
4
a2
(az + b) (az + b− 1) [β(az + b)− 1] . (24)
In order to rewrite this equation similarly to the Eq. 12, we need to take the transformations below, making z = u,
x = αφ, and so (
du
dφ
)2
=
4α2
a2
(au+ b)
× (au+ b− 1) [β(au+ b)− 1] , (25)
whereby we obtain (
du
dφ
)2
= 4α2βa
(
u+
b
a
)
×
(
u+
b− 1
a
)(
u+
b
a
− 1
aβ
)
. (26)
Note that Eq. 26 already has the desired aspect and can be compared with the Eq. 12 to obtain u1, u2 and u3, as follows
4α2βa
(
u+
b
a
)(
u+
b− 1
a
)(
u+
b
a
− 1
aβ
)
= 2 (u− u1) (u− u2) (u− u3) . (27)
Observe that the equality given by Eq. 27 provides
u1 = − b
a
, u2 =
1
a
+ u1, u3 =
1
aβ
+ u1, (28)
and
α =
√
u3 − u1
2
, β =
u2 − u3
u3 − u1 . (29)
Taking the values of the Eqs. 28 and 29 in Eq. 22, we have
u = u1 + (u2 − u1) sn2[αφ|β]. (30)
It is worthy of emphasis that Eq. 30 represents the exact solution of the orbit equation (see Eq. 12) of a massive particle
in Schwarzschild’s metric in terms of Jacobi’s elliptic functions. As u = GM/r, we obtain the final orbit equation.
Notice that this expression is derived without any approximation, being an exact solution that governing the motion of a
massive particle in Schwarzschild’s metric.
1
r
=
1
r1
+
(
1
r2
− 1
r1
)
sn2[αφ|β]. (31)
In order to investigate some physical features of the trajectory of a massive particle we need to plot the Eq. 30 (see
also the values of ui(i=1, 2,3) in Eq. 13), considering the orbital angle versus from the distance of the particle to the
source. Thus, −1/4 ≤ κ ≤ 1/4. As consequence, the path of particle should be analyzed in this differents regimes,
where the real orbits physically occurs only if the root squares in Eq. 13 were always positive. Besides, the well defined
k value imposes a constraint to the particle path, that is, for k = 1/4 we have the non-relativitic orbit of the massive
particle, and the other ranges can be seen figures below. For the Fig. 1, we take u1 and u3 positives, and it is possible to
observe a periodic behaviour of the orbit. If we take the u1 = 0 and u3 = 1/4, see in Fig. 2 an oscillatory motion with
shortened period.
For the Fig. 3, we take u1 < 0 and u3 > 0, and it is possible to observe a non-periodic behaviour of the orbit, associated
to the fact of the massive particle escape the gravitational field of the source.
5
A PREPRINT - OCTOBER 28, 2019
Figure 1: Orbital angle versus the distance from the particle to the source. G = 1. A periodic behaviour of the orbit is
observed. Besides, u1 and u3 > 0.
Figure 2: Orbital angle versus the distance from the particle to the source. G = 1. A shortened period of the orbit is
observed. Besides, u1 = 0 and u3 > 1/4.
Figure 3: Orbital angle versus the distance from the particle to the source. G = 1. A non-periodic behaviour of the
orbit. Besides, we take u1 < 0 and u3 > 0.
6
A PREPRINT - OCTOBER 28, 2019
5 Concluding remarks
We show that Jacobi’s elliptic functions are appropriate to exact solving the orbit equation of a massive particle in
Schwarzschild’s metric.
We provide an analytical solution that captures the relativistic effects on the massive particle, and investigates the
additional physical information introduced by the exact solution that is not visible in the approximated solutions
traditionally presented in literature.
We find oscillatory movements of the orbit of the massive particle at the expected regimes without to consider heuristic
arguments. We solve exactly the problem by use an analytical methodology whereby a non-physical region to the
solution of motion equation is presented, finding the aspect of the trajectory when the massive particle escape the
gravitational field of the source.
We hope that the present work can stimulate further contributions using others backgrounds as well as serve of protocol
in order to investigate the possibility of exact solving geodesic equations to charged particles. Besides, the same
methodology can be useful in studies of non-massive particles.
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